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Abstract
Observations show that twisted magnetic flux tubes are present throughout the sun’s
atmosphere. The main aim of this work is to obtain the damping rate of sausage modes
in the presence of magnetic twist. Using the connection formulae obtained by Sakurai et
al. (1991), we investigate resonant absorption of the sausage modes in the slow continuum
under photosphere conditions. We derive the dispersion relation and solve it numerically and
consequently obtain the frequencies and damping rates of the slow surface sausage modes.
We conclude that the magnetic twist can result in strong damping in comparison with the
untwisted case.
1 Introduction
One of important questions regarding the sun is that how the solar corona reaches temperatures
exceeding 1 MK. There are different theories to justify this problem. One of these is propagation
of magnetohydrodynamic (MHD) waves and their damping by the resonant absorbtion proposed
for the first time by Ionson [1]. At the observational point of view, there are some evidences for
propagating and damping of MHD waves (see e.g. Yu et al. [2]). Based on propagating speed
of MHD waves, they are classified into fast, slow and Alfve`n waves. Here, we focus on the slow
sausage MHD waves which has recently been observed by Dunn Solar Telescope [3].
Dorotovicˆ et al. [4] observed the linear slow sausage waves in magnetic pore with the period
from 20 minutes to 70 minutes in a photospheric pore size by the Swedish Solar Telescope. Also,
Morton et al. [5] observed sausage modes in magnetic pores with the period range from as short
as 30 s up to 450 s. Grant et al. [3] reported the observational period of sausage mode as 181 s to
412 s. Moreover, Keys et al. [6] observationally found that in solar magnetic pores the number
of surface modes are more than body modes. They also pointed out that surface modes appear
to carry more energy compared to body modes. The slow waves are usually generated by the
motions of sunspots, magnetic pores, and granules and they play significant role in heating of
the lower part of the sun’s atmosphere [2]. Yu et al. (2017) showed that the resonant absorption
plays an important role in the wave damping for the slow surface sausage modes in the slow
continuum [7].
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Besides, there is ample evidence on existence of magnetic twist in the solar atmosphere and
below. For instance, it has been suggested that magnetic flux tubes are twisted while rising
through the convection zone (e.g., Murray & Hood [8]; Hood et al. [9]; Luoni et al. [10]). Also,
the observations show that magnetic twist is one of important mechanisms in energy transport
from the photosphere to the corona, see Wedemeyer-Bhm et al. [11].
So far, many studies have been done about the effect of twisted magnetic fields on the
kink and sausage MHD waves in magnetic flux tubes. For instance, the connection formulae
(or conservation laws) were first used for studying surface waves in cylindrical plasmas in the
presence of magnetic twist by Goossens et al. [12]. Bennett et al. [13] studied the sausage
modes in a magnetic flux tube containing a uniform magnetic twist. They pointed out that in
the presence of magnetic twist, an infinite set of body modes is generated.
Erde´lyi & Carter [14] considered magnetic twist just in the annulus for surface and hybrid
modes. They found that when the magnetic twist increases the hybrid modes include a wide
range of phase speeds for the sausage modes.
Erde´lyi & Fedun [15] investigated the propagation of MHD waves in an incompressible twisted
magnetic flux tube. They showed that an increase in the twisted magnetic field from 0 to 0.3
could lead to an increase of 1 to 2 percent of the period of the sausage waves. Erde´lyi & Fedun
[16] extended their previous work [15] to the compressibility condition and concluded that the
period of the sausage waves increases 3 to 5 percent.
Karami & Bahari [17] considered the effect of twisted magnetic field on the resonant ab-
sorption of MHD waves in coronal loops. They showed that the period ratio P1/P2 of the
fundamental and its first-overtone surface waves for kink (m = 1) and fluting (m = 2, 3) modes
is lower than 2 in the presence of twisted magnetic field. Ebrahimi & Karami [18] investigated
resonant absorption of kink MHD waves by a magnetic twist in coronal loops. They concluded
that the resonant absorption by the magnetic twist can justify the rapid damping of kink MHD
waves observed in coronal loops.
Giagkiozis et al. [19] studied resonant absorption of axisymmetric modes (m = 0) in twisted
magnetic flux tube. They showed that in the presence of twisted magnetic field, both the
longitudinal magnetic field and the density have crucial roles in the wave damping. Giagkiozis
et al. [20] also elaborated that the magnetic twist can remove the cut-off of fast body sausage
modes. Besides the works mentioned above, there are some further studies on the effect of
magnetic twist on the MHD waves in the literature, see e.g. Erde´lyi & Fedun [21]; Carter &
Erde´lyi [22], [23]; Ruderman [24],[25]; Karami & Barin [26]; Terradas & Goossens [27]; Karami
& Bahari [28].
In the present work, our main goal is to study the effect of magnetic twist on resonant
absorption of the slow surface sausage modes in the sun’s atmosphere. To do so, we apply the
magnetic twist to the model of Yu et al. [7]. To achieve this aim, in Section 2 we introduce the
model and solve the equations of motion governing the slow surface sausage modes. In Section
3, we obtain the dispersion relation under magnetic pore conditions. In Section 4, using the
connection formulae, we derive the damping rate for the slow surface waves. The numerical
results are shown in Section 5. Finally, we conclude the paper in Section 6.
2 Equations of motion and model
The linearized ideal MHD equations are as follows [29]
(1a)ρ
∂2ξ
∂t2
= −∇δp− 1
µ0
(
δB × (∇×B) +B × (∇× δB)
)
,
2
(1b)δp = −ξ · ∇p− γp∇ · ξ,
(1c)δB = −∇× (B × ξ),
where ρ, p and B are the background density, kinetic pressure and magnetic field, respectively.
Also ξ is the Lagrangian displacement vector, δp and δB are the Eulerian perturbations of the
pressure and magnetic field, respectively. Here, γ is the ratio of specific heats (taken to be 5/3
in this work), and µ0 is the permeability of free space.
In our model, we consider a magnetic field as follows
(2)B =
(
0, Bφ(r), Bz(r)
)
.
Now, the plasma pressure and magnetic field must satisfy the following magnetohydrostatic
equation in the r-direction as
(3)
d
dr
(
p+
B2φ +B
2
z
2µ0
)
+
B2φ
µ0r
= 0.
Here, following Yu et al. [7] we consider the following profiles for the density and z-component
of the background magnetic field as
ρ(r) =

ρi, r 6 ri,
ρi + (ρe − ρi)
(
r−ri
re−ri
)
, ri < r < re,
ρe, r > re,
(4)
B2z (r) =

B2zi, r 6 ri,
B2zi +
(
B2ze −B2zi
) (
r−ri
re−ri
)
, ri < r < re,
B2ze, r > re,
(5)
where ρi and ρe are the constant densities of the interior and exterior regions of the flux tube,
respectively. Also Bzi and Bze are the interior and exterior constant longitudinal magnetic fields,
respectively. We further assume the φ-component of the background magnetic field takes the
form
B2φ(r) =

B2φir
2
r2i
, r 6 ri,
B2φi +
(
B2φe −B2φi
)(
r−ri
re−ri
)
, ri < r < re,
B2φe, r > re,
(6)
where Bφi and Bφe are constant. Putting Eqs. (5) and (6) into the magnetohydrostatic equation
(3), we obtain the background gas pressure as follows
p(r) =

pi − B
2
φi
µ0
(r/ri)
2, r 6 ri,
A1 +A2r +A3 ln(r/ri), ri < r < re,
pe − B
2
φe
µ0
ln(r/re), r > re,
(7)
3
where
A1 =
(
pi −
B2φi
µ0
)
−A2ri,
A2 ≡
3
(
B2φi −B2φe
)
+
(
B2zi −B2ze
)
2µ0(re − ri) ,
A3 ≡
riB
2
φe − reB2φi
µ0(re − ri) ,
pe =
(
pi −
B2φi
µ0
)
+A2(re − ri) +A3 ln(re/ri), (8)
and pi is an arbitrary constant. Also the constants A1 and pe have been obtained from the
continuity of the gas pressure across the boundaries r = ri and r = re. Note that Eq. (7) in the
absence of twist, i.e. Bφi = Bφe = 0 recovers the gas pressure profile given by Yu et al. [7].
In addition, we define the following quantities
v2Ai ≡
B2(ri)
µ0ρi
, (9)
v2Ae ≡
B2(re)
µ0ρe
, (10)
v2si ≡ γ
p(ri)
ρi
= γ
(
pi −
B2φi
µ0
)
/ρi, (11)
v2se ≡ γ
p(re)
ρe
= γpe/ρe, (12)
v2c(i,e) ≡
v2s(i,e)v
2
A(i,e)
v2s(i,e) + v
2
A(i,e)
, (13)
where B2 = B2φ + B
2
z . Also vA(i,e), vs(i,e) and vc(i,e) are the interior/exterior Alfve´n, sound
and cusp velocities, respectively. Besides, we define the parameter β as the ratio of the plasma
pressure to the magnetic field pressure, inside the flux tube as
β ≡ p(ri)
B2(ri)/(2µ0)
= 2v2si/(γv
2
Ai). (14)
With the help of the parameter β, Eq. (14), the arbitrary constant pi can be determined as
pi
B2i /(2µ0)
= β + 2
(
Bφi
Bi
)2
, (15)
where Bi = B(ri). Using Eqs. (11), (12) and (14), one can find the density ratio ρe/ρi as
ρe
ρi
=
(
vsi
vse
)2 pe(
pi − B
2
φi
µ0
) ,
=
2
β
(
vsi
vse
)2 [
β/2 + (B˜2i − B˜2e )/2 +
(
1− re ln(re/ri)
re − ri
)
B˜2φi −
(
1− ri ln(re/ri)
re − ri
)
B˜2φe
]
,
(16)
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Figure 1: Variations of the background quantities of the flux tube including the density, the
magnetic field components and the plasma pressure versus the fractional radius r/R for the twist
parameter Bφi/Bzi = 0.3 and ri/R = 0.8 and re/R = 1.2. For the photospheric conditions, the
auxiliary parameters are taken from [3] as vAi = 12 km s
−1, vAe = 0 km s
−1 (i.e. Bφe = Bze = 0),
vsi = 7 km s
−1, vse = 11.5 km s
−1. With the help of these values and using γ = 5/3, from Eqs.
(14) and (16) we find β = 0.41 and ρe/ρi = 1.242.
where B˜ = B/Bi and B˜
2
i = 1. Figure 1 shows the background quantities containing the density
(4), the magnetic field components, Eqs. (5) and (6), and the plasma pressure (7) for the twist
parameter Bφi/Bzi = 0.3 under the magnetic pore conditions.
The set of Eqs. (1a)-(1c) in cylindrical coordinates can be solved by Fourier decomposition
of the perturbed quantities as follows
(17)(ξ, δPT ) ∝ ei(mφ+kzz−ωt),
where ω is the angular frequency, m is the azimuthal wavenumber for which only integer values
are allowed and, kz, is the longitudinal wavenumber in the z direction. Also δPT = δp+B.δB/µ0
is the Eulerian perturbation of total (gas and magnetic) pressure. Putting Eq. (17) into (1a)-
(1c), we obtain the two coupled first order differential equations
(18a)D
rdξ
dr
= C1(rξ)− rC2δPT ,
(18b)D
rdδPT
dr
=
1
r
C3(rξ)− C1δPT .
The above equations derived earlier by Appert et al. [30] and later by Hain & Lust, Goedbloed
and Sakurai et al. [31, 32, 33]. Here, the multiplicative factors are defined as
(19a)D ≡ ρ (ω2 − ω2A)C4,
(19b)C1 ≡ 2Bφ
µ0r
(
ω4Bφ − m
r
fBC4
)
,
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(19c)C2 ≡ n2 − k2z ,
(19d)C3 ≡ ρD
[
ω2 − ω2A +
2Bφ
µ0ρ
d
dr
(
Bφ
r
)]
+ 4ω4
B2φ
µ20r
2
− ρC4
4B2φω
2
A
µ0r2
,
(19e)C4 ≡
(
v2s + v
2
A
) (
ω2 − ω2c
)
,
where
fB ≡ m
r
Bφ + kzBz,
ω2A ≡
f2B
µ0ρ
,
ω2c ≡
(
v2s
v2A + v
2
s
)
ω2A,
and
n2 ≡ ω
4
(v2A + v
2
s)(ω
2 − ω2c )
. (20)
Here ωA(= kzvA) is the Alfve´n angular frequency and ωc(= kzvc) is the cusp angular frequency.
Also vA = |B| /√µ0ρ is the Alfve´n speed, vs =
√
γp/ρ is the sound speed, and vc =
vsvA
(v2s+v
2
A)
1/2
is the cusp velocity.
Combining Eqs. (18a) and (18b), one can obtain a second-order ordinary differential equation
for radial component of the Lagrangian displacement ξ as [16, 19]
(21)
d
dr
[
D
rC2
d
dr
(rξr)
]
+
[
1
D
(
C3 − C
2
1
C2
)
− r d
dr
(
C1
rC2
)]
ξr = 0.
For the sausage modes (m = 0), solutions of Eq. (21) in the interior (r 6 ri) and exterior
(r > re) regions are given by [20]
(22a)ξri(s) = Ai
s1/2
E1/4
e−s/2M(a, b; s),
(22b)ξre(r) = AeKν(krer),
where Ai and Ae are constant. Also M(.) is the Kummer function, and K(.) is the modified
Bessel function of the second kind [34]. Replacing the solutions (22a) and (22b) into Eq. (18b)
read
(23a)δPT i(s) = Aie
−s/2
(
kaDi
n2i − k2z
)[(
ni + kz
kz
)
sM(a, b; s)− 2M(a, b− 1; s)
]
,
(23b)δPTe(r) = Ae
[(
µ0(1− ν)De − 2B2φen2e
µ0r(k2z − n2e)
)
Kν(krer)− De
kre
Kν−1(krer)
]
.
The parameters appeared in Eqs. (22a)-(23b) are defined as
s ≡ k2aE1/2r2, E ≡
4B4φin
2
i
µ20r
4
iD
2
i k
2
z(1− α2)2
, (24)
ka ≡ kz(1− α2)1/2, α2 ≡
4B2φiω
2
Ai
µ0r2i ρi(ω
2 − ω2Ai)2
, (25)
a ≡ 1 + k
2
ri
4k2zE
1/2
, b = 2, (26)
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k2r ≡
(ω2s − ω2)(ω2A − ω2)
(v2A + v
2
s)(ω
2
c − ω2)
, (27)
Di ≡ ρi
(
ω2 − ω2Ai
)
, De ≡ ρe
(
ω2 − ω2Ae
)
, (28)
(29)ν2(0, r) ≡ 1 + 2 B
2
φe
µ20D
2
e
(
2B2φen
2
ek
2
z + µ0ρe
[
ω2Ae
(
3n2e − k2z
)− ω2 (n2e + k2z)] ).
Note that in the annulus region (ri < r < re), we don’t solve the MHD equations. Instead,
we relate the interior solutions to exterior ones by using the connection formula introduced in
section 4.
3 Dispersion relation for the case of no inhomogeneous layer
Here, we are interested in obtaining the dispersion relation for the sausage mode in the case of
no annulus region. The solutions (22a)-(23b) for inside and outside of the flux tube must satisfy
the following boundary conditions
(30a)ξri
∣∣∣
r =R
= ξre
∣∣∣
r=R
,
(30b)
(
δPT i −
B2φi
µ0r
ξri
)∣∣∣
r =R
=
(
δPTe −
B2φe
µ0r
ξre
)∣∣∣
r=R
,
where R = ri = re is the tube radius. The above relations show continuity conditions for the
Lagrangian displacement and Lagrangian changes of the total pressure across the tube boundary,
respectively. Inserting the solutions (22a)-(23b) into the boundary conditions (30a) and (30b),
after some algebra one can find the following dispersion relation
(31)
−µ0Di
k2ri
[(
ni + kz
kz
)
s− 2M(a, b− 1, s)
M(a, b, s)
]
=
µ0De
k2re
(
1− ν − kreR Kν−1(kreR)
Kν(kreR)
)
−
(
1 +
2n2e
k2re
)
B2φe +B
2
φi,
where s = k2aE
1/2R2.
Now, we are interested in investigating the dispersion relation (31) in the limit of no twist
inside and outside the tube, i.e. Bφi = Bφe = 0. For the small twist, from Eq. (24) we have
E ≪ 1 and then from the first relation of Eq. (26) we get E1/2 ≃ k2ri/(4ak2z ). Also from Eq.
(25) we obtain α2 ≪ 1 and then ka ≃ kz . Consequently, from the first relation of Eq. (24)
we find s ≃ k2riR2/(4a). Using these approximations for the small twist, the Kummer functions
appeared in the dispersion relation (31) behave as
lim
a→∞
M(a, b− 1, s) = lim
a→∞
M
(
a, 1,
k2riR
2
4a
)
= Γ(1)I0
(
2
√
k2riR
2
4
)
= I0 (kriR) , (32)
lim
a→∞
M(a, b, s) = lim
a→∞
M
(
a, 2,
k2riR
2
4a
)
= Γ(2)
(
k2riR
2
4
)−1/2
I1
(
2
√
k2riR
2
4
)
=
2
kriR
I1 (kriR) ,
(33)
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where we have used the following relation [34]
lim
a→∞
M(a, b, z/a) = Γ(b)z(1−b)/2Ib−1(2
√
z), (34)
in which Γ(b) is the Gamma function and I(.) is the modified Bessel function of the first kind.
Now, putting Eqs. (32) and (33) in the dispersion relation (31) and using Bφi → 0, Bφe → 0,
s→ 0, and ν → 1 (see Eq. (29)), one can find
Di
kri
I0 (kriR)
I1 (kriR)
= −De
kre
K0 (kreR)
K1 (kreR)
. (35)
Replacing Di and De from Eq. (28) into the above relation, we get
ρi
(
ω2 − ω2Ai
)
+
kri
kre
ρe
(
ω2 − ω2Ae
)
Q0 = 0, (36)
where Q0 = − I1(kriR)K0(kreR)I0(kriR)K1(kreR) . Finally, Eq. (36) can be recast as
ω2 =
ρiω
2
Ai − ρe krikreω2AeQ0
ρi − ρe krikreQ0
, (37)
which recovers exactly the same result obtained by Edwin & Robertes [35] and Yu et al. [7] in
the absence of magnetic twist.
In addition, we turn to solve the dispersion relation (31), numerically, in the presence of
twist. To do this, we use its dimensionless form (see Eq. (133) in Appendix D). In Fig. 2, we
plot the results obtained for the phase speed v/vsi = ω/ωsi of the slow surface sausage mode
(m = 0) versus kzR for different twist parameters Bφi/Bzi. The figure shows that (i) for a given
kzR, when the twist increases the phase speed decreases. (ii) For a given twist Bφi/Bzi, the
phase speed decreases for larger kzR values. (iii) For the case of no twist, the result of [7] is
recovered.
In the next section, we turn to obtain the dispersion relation of sausage modes in the presence
of annulus region.
4 Dispersion relation in the presence of inhomogeneous layer
and resonant absorption
Considering an inhomogeneous layer, where the background density, pressure and magnetic
field change continuously from inside to outside the flux tube, see Eqs. (4)-(6), the differential
equation (21) may become singular at ω = ωc(r) and ω = ωA(r). The resonant absorption
that may occur in these singular points causes damping of the wave amplitude. Because the
presence of the inhomogeneous layer, the values of ωc(r) and ωA(r) change continuously from
inside to outside the flux tube. These processes are called slow (cusp) and Alfve´n continua,
respectively. Note that following Yu et al. [7] under the magnetic pore conditions, only the cusp
singularity occurs where the phase speed of the slow surface sausage (sss) mode lies in the range
of vce < vsss < vci.
Following Sakurai et al. [33], in the resonant layer where the singularity occurs because of
magnetic twist one does not need to solve Eq. (21). Instead, the solutions inside and outside of
the flux tube are related to each other via the following connection formula given by [33]
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Figure 2: The phase speed v/vsi(= ω/ωsi), Eq. (31), of the slow surface sausage modes (m = 0)
versus kzR for different twist parameters Bφi/Bzi. Under the magnetic pore conditions, following
[3] the auxiliary parameters are taken as vAi = 12 km s
−1, vAe = 0 km s
−1 (i.e. Bφe = Bze = 0),
vsi = 7 km s
−1, vse = 11.5 km s
−1, vci = 6.0464 km s
−1(≃ 0.8638 vsi) and vce = 0 km s−1. Here,
the results for Bφi/Bzi = 0 and 10
−3 overlap with each other.
(38a)
[ξr] ≡ ξre(re)− ξri(ri),
=
−ipiµω4c
|∆c|rB2ω2A
∣∣∣
r=rc
(
δPT i −
2B2φiξri
µ0r
)∣∣∣
r=ri
,
(38b)
[δPT ] ≡ δPTe(re)− δPT i(ri),
=
−i2piω4cB2φ
|∆c|rB2ω2A
∣∣∣
r=rc
(
δPT i −
2B2φiξri
µ0r
)∣∣∣
r=ri
,
where [ξr] and [δPT ] are the jump conditions in the Lagrangian radial displacement and total
pressure perturbation, respectively, across the inhomogeneous (resonant) layer. The subscript c
denotes the position of the slow resonance (r = rc) and |∆c|≡
∣∣∣d(ω2−ω2c )dr ∣∣∣r=rc. Note that we will
determine the cusp resonance point rc later, see Eq. (52).
Substituting the solutions (22a)-(23b) into the connection formula (38a) and (38b), one can
find the dispersion relation governing the slow surface sausage modes in the presence of magnetic
twist as
(39)
Di
k2ri
[
ni + kz
kz
s− 2M(a, b− 1; s)
M(a, b; s)
]
+ ri
(
µ0(1− v)De − 2B2φen2e
µ0rek2re
− De
kre
Kv−1(krere)
Kv(krere)
)
+ i
piµ0ω
4
c
|∆c|B2ω2A
∣∣∣
r=rc
(
Di
k2ri
[
ni + kz
kz
s− 2M(a, b − 1; s)
M(a, b; s)
]
+
2B2φi
µ0
)
×
(
−2B
2
φ
µ0r
∣∣∣
r=rc
+
µ0(1− v)De − 2B2φen2e
µ0rek2re
− De
kre
Kv−1(krere)
Kv(krere)
)
= 0.
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For the case of no twist, i.e. Bφi = Bφe = 0, the dispersion relation (39) following the same
approach that was used in the previous section takes the form
ρi
(
ω2 − ω2Ai
)− ρe (ω2 − ω2Ae) kikeQ0 + ipik
2
z
ρ|∆c|
(
v2s
v2s + v
2
A
)2
ρiρe
(
ω2 − ω2Ai
) (
ω2 − ω2Ae
) G0
ke
= 0,
(40)
where G0 = −K0(krere)K1(krere) . The above relation is same as that obtained by Yu et al. [7] in the
absence of magnetic twist.
Using Eqs. (4) to (12), one can obtain the quantities vs =
√
γp/ρ , vA = |B| /√µ0ρ and the
cusp velocity vc ≡ vsvA(v2s+v2A)1/2 in the inhomogeneous layer (ri < r < re) as
(41)v2s = v
2
si
[
1 + δ(χv2sei − 1) + ζ
1 + δ(χ− 1)
]
,
(42)v2A = v
2
Ai
[
1 + δ(χv2Aei − 1)
1 + δ(χ− 1)
]
,
(43)v2c =
v2siv
2
Ai
[
1 + δ(χv2sei − 1) + ζ
][
1 + δ(χv2Aei − 1)
]
[
1 + δ(χ− 1)
][
v2si
(
1 + δ(χv2sei − 1) + ζ
)
+ v2Ai
(
1 + δ(χv2Aei − 1)
)] ,
where δ ≡ r−rire−ri , χ ≡ ρe/ρi, vsei ≡ vse/vsi, vAei ≡ vAe/vAi and
ζ ≡ γv
2
Ai
v2si
[
riB
2
φe − reB2φi
(re − ri)B2i
](
ln(r/ri)− δ ln(re/ri)
)
. (44)
Notice that in the absence of twist, i.e. Bφi = Bφe = 0, Eqs. (41), (42) and (43) transform to
the corresponding relations in Yu et al. [7].
In Fig. 3, using Eqs. (41), (42) and (43) we plot the sound, Alfve´n and cusp velocities for
the twist parameters Bφi/Bzi = 0.3 under magnetic pore conditions. Figure 3 shows that for
vc < vci and vci < vc < vcmax , respectively, the surface and body sausage modes can resonantly
damp in the slow continuum. Here, vcmax is the maximum value of the cusp velocity.
Note that according to Yu et al. [7], the position of the cusp resonance point rc is obtained
by setting ω2 = ω2c
∣∣∣
r=rc
≡ k2zv2c
∣∣∣
r=rc
in Eq. (43). Consequently, the resulting equation in terms
of the variable δc ≡ δ
∣∣∣
r=rc
= rc−rire−ri yields the following second order equation
Aδ2c +Bδc + C = 0, (45)
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Figure 3: Variations of the dimensionless velocity v/vsi, Eqs. (41), (42) and (43), as a function
of δ ≡ r−rire−ri in the nonuniform (transitional) layer for the twist parameter Bφi/Bzi = 0.3 under
magnetic pore conditions. The auxiliary parameters are vAi = 12 km s
−1, vAe = 0 km s
−1 (i.e.
Bφe = Bze = 0), vsi = 7 km s
−1, vse = 11.5 km s
−1, vci = 6.0464 km s
−1(≃ 0.8638 vsi) and
vce = 0 km s
−1 [3].
with
A ≡ 1− v
2
c
v2ci
− γv
2
Ai
v2si
(
riB
2
φe − reB2φi
(re − ri)B2i
)(
1− v
2
c
v2Ai
)[
1
2
(
re − ri
ri
)2
+
re − ri
ri
+ ln(re/ri)
]
+χ
[
2v2c
v2ci
− (v2sei + v2Aei)−
γv2Ai
v2si
(
riB
2
φe − reB2φi
(re − ri)B2i
)(
v2Aei −
v2c
v2Ai
)(
re − ri
ri
− ln(re/ri)
)]
−χ2
(
v2c
v2ci
− v2seiv2Aei
)
, (46)
B ≡ 2
(
v2c
v2ci
− 1
)
+
γv2Ai
v2si
(
riB
2
φe − reB2φi
(re − ri)B2i
)(
1− v
2
c
v2Ai
)(
re − ri
ri
+ ln(re/ri)
)
−χ
[
v2c
v2ci
(
1 +
v2se + v
2
Ae
v2si + v
2
Ai
)
− (v2sei + v2Aei)
]
, (47)
C ≡ 1− v
2
c
v2ci
, (48)
where we have used the following approximation
ln(r/ri) = ln
[
1 +
(
re − ri
ri
)
δc
]
≃
(
re − ri
ri
)
δc − 1
2
(
re − ri
ri
)2
δ2c , (49)
for
(
re−ri
ri
)
δc < 1. We checked that keeping the higher order terms O(δ
3
c ) does not affect the
results. Equation (45) has two roots for δc as
δc1 = −
B
2A
+
√
B2 − 4AC
2A
, 0 < δ 6 δm, (50)
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δc2 = −
B
2A
−
√
B2 − 4AC
2A
, δm 6 δ 6 1, (51)
where δm is the value of δ when vc = vcmax . For instance, in Fig. 3 for Bφi/Bzi = 0.3 we have
vcmax = 0.93vsi and δm = 0.27.
Under the magnetic pore conditions, for slow surface mode we have only one root denoted
by δc2 . Consequently, the cusp resonance position rc reads
rc = ri
[(
re
ri
− 1
)
δc2 + 1
]
. (52)
Next, we turn to calculate the parameter ∆c appeared in the dispersion relation (39). To this
aim, using Eq. (43) and ω2c (rc) = k
2
zv
2
c
∣∣∣
r=rc
we obtain
∆c ≡
[
d
dr
(ω2 − ω2c )
]
r=rc
= −2
(
ωc
dωc
dr
)
r=rc
,
= −
(
ω2c (rc)
l
){ (
χv2sei − 1
)
+ lζ ′
1 + δ
(
χv2sei − 1
)
+ ζ
− (χ− 1)
1 + δ(χ− 1)
+
(χv2Aei − 1)
1 + δ
(
χv2Aei − 1
) (53)
−
v2si
(
χv2sei − 1 + lζ ′
)
+ v2Ai
(
χv2Aei − 1
)
v2si
[
1 + δ
(
χv2sei − 1
)
+ ζ
]
+ v2Ai
[
1 + δ
(
χv2Aei − 1
) ]
}
r=rc
,
where
ζ ′ ≡ dζ
dr
=
γv2Ai
v2si
[
riB
2
φe − reB2φi
l2B2i
](
l/r − ln(re/ri)
)
. (54)
Note that in both Eqs. (39) and (53) due to having the cusp resonance, δ(r = rc) should be
replaced by δc2 , Eq. (51).
4.1 Weak damping limit - slow continuum
Here, we are interested in investigating the dispersion relation (39) in the limit of weak damping.
To this aim, we first rewrite Eq. (39) as follows
(55)
Di + k
2
ri
(
µ0De(1−v)−2B2φen
2
e
µ0rek2re
− Dekre
Kv−1(krere)
Kv(krere)
)
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]
+ i
piµ0ω
4
c
|∆c|B2ω2A
∣∣∣
r=rc
(
Di
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]
+
2B2φi
µ0
k2ri
)
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]
×
(
−2B
2
φ
µ0r
∣∣∣
r=rc
+
µ0(1− v)De − 2B2φen2e
µ0rek2re
− De
kre
Kv−1(krere)
Kv(krere)
)
= 0.
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This can also be recast in the following compact form
DAR + iDAI = 0, (56)
where DAR and DAI, respectively, are the real and imaginary parts of Eq. (55) given by
(57)DAR = ρi(ω
2 − ω2Ai)− riρe(ω2 − ω2Ae)
kri
kre
Q,
(58)DAI =
piρiρek
2
z
kreρc|∆c|
∣∣∣
r=rc
( v2sc
v2Ac + v
2
sc
)2 (
(ω2 − ω2Ai) + Z
)
(ω2 − ω2Ae)G,
where
(59)Q ≡ −kriri
(
µ0De(1−v)−2B2φen
2
e
Deµ0rekre
− Kv−1(krere)Kv(krere)
)
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
] ,
(60)G ≡
(
−2kreB
2
φ
Deµ0r
∣∣∣
r=rc
+
µ0(1− v)De − 2B2φen2e
µ0rekreDe
− Kv−1(krere)
Kv(krere)
)
,
(61)Z ≡ 2B
2
φik
2
ri
µ0ρi
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
] .
Note that in Eqs. (57) and (58) we have the complex frequency ω = ωr + iγ, in which ωr and γ
are the cusp (slow) frequency and the damping rate, respectively. In the limit of weak damping,
i.e. γ ≪ ωr, the damping rate γ is given by Goossens et al. [12]
γ = −DAI(ωr)
(
∂DAR
∂ω
∣∣∣
ωr
)−1
. (62)
With the help of Eq. (62), one can obtain an analytical expression for γ (see Appendix A) in
the slow (cusp) continuum as follows
γ = −
piρek2z
kreρc|∆c|
∣∣∣
r=rc
(
v2s
v2A+v
2
s
)2 (
(ω2r − ω2Ai) + Z
)
(ω2r − ω2Ae)G
2ωr
(
1− χ krikreQ
)
− ωrχT
, (63)
where the quantity T is given by Eq. (85). Note that in the limit of no twist, i.e. Bφi = Bφe = 0,
Eqs. (59), (60), (61), (78) and (79) reduce to
Q = Q0 ≡ I
′
0(x)K0(y)
I0(x)K ′0(y)
,
G = G0 ≡ K0(y)
K ′0(y)
,
Z = 0,
P = P0 ≡
(
I ′′0 (x)
I0(x)
− I
′
0(x)
2
I0(x)2
)
K0(y)
K ′0(y)
,
S = S0 ≡
(
1− K
′′
0 (y)K0(y)
K ′0(y)
2
)
I ′0(x)
I0(x)
, (64)
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where x = kriri and y = krere and we have also used the relation
lim
a→∞
M(a, b− 1, s)
M(a, b, s)
=
x
2
I0(x)
I1(x)
. (65)
Replacing the relations (64) into Eq. (63), the damping rate γ in the absence of twist takes the
form
γ = −
piρek2z
kreρc|∆c|
∣∣∣
r=rc
(
v2s
v2A+v
2
s
)2
(ω2r − ω2Ai)(ω2r − ω2Ae)G0
2ωr
(
1− χ krikreQ0
)
− ωrχT0
, (66)
where
T0 = ω
2
r
(
ω2r − ω2Ae
) kri
kre
(
(Q0 + xP0)(ω
2
r − 2ω2ci)
(ω2si − ω2c )(ω2Ai − ω2r)(ω2r − ω2ci)
− (Q0 − yS0)(ω
2
r − 2ω2ce)
(ω2se − ω2r)(ω2Ae − ω2r)(ω2r − ω2ce)
)
.
(67)
Notice that Eq. (66) is the same as the dispersion relation (28) in Yu et al. [7] for the slow
surface sausage modes when the twist is absent.
4.2 Weak damping rate in long wavelength limit - slow continuum
Here, we try to examine the damping rate (63) in the long wavelength limit, i.e. kzR ≪ 1
(ωr ≈ ωci = kzvci). In this limit, one can show that Eq. (63) takes the form (see Eq. (88) in
Appendix B)
γ = −piρekz|∆c|
ω4ci
ω4Ai
(
(ω2ci − ω2Ai) + Z
)
(ω2ci − ω2Ae)G
2ωci
(
ρi − ρe krikreQ
)
− ωciρeT
, (68)
where the quantities T , Q, G and Z, are given by Eqs. (89), (90), (91) and (92), respectively.
Under photospheric (magnetic pore) conditions, i.e. vAe = vAφe = vce ≃ 0, one can show that
Eq. (68) reduces to (see Eq. (107) in Appendix B)
γ = −piρekzR|∆c|
ω5ci
ω4Ai
(
(ω2ci − ω2Ai) + Z
)
G
2
(
ρi − ρe krikreQ
)
− ρeT
, (69)
where now the quantities T , Q, G and Z are given by Eqs. (108), (109), (110) and (111),
respectively.
Note that in the absence of twist (i.e. Bφi = Bφe = 0), the weak damping rate γ in long
wavelength limit, Eq. (68), reduces to (see Eq. (129) in Appendix C)
γ =
2piχ3
|∆c|R
[
ω7ciω
2
si
(
ω2ci − ω2Ae
)3
3ω10Aiω
2
ci + 8χω
8
Aiω
2
si
(
ω2ci − ω2Ae
)
ln(kzR)
]
(kzR)
4 ln3(kzR). (70)
For the photosphere conditions (i.e. ωAe = ωce = 0), Eq. (70) reads
γ =
2piχ3
|∆c|R
[
ω11ci ω
2
si
3ω10Ai + 8χω
8
Aiω
2
si ln(kzR)
]
(kzR)
4 ln3(kzR). (71)
It should be noted that Eqs. (70) and (71) without the terms 8χω8Aiω
2
si
(
ω2ci − ω2Ae
)
ln(kzR) and
8χω8Aiω
2
si ln(kzR) appeared in their denominator are same as Eqs. (36) and (37) in [7]. This
difference is because of wrong minus sign appeared in Eq. (A.7) in [2].
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5 Numerical results
Here, we solve numerically the dispersion relation (39) to obtain the frequencies and damping
rates of the slow surface sausage modes. To this aim, it is convenient to recast Eq. (39)
in dimensionless form (see Eq. (130) in Appendix D). Under the magnetic pore conditions,
following [3] we set again the model parameters as vAi = 12 km s
−1, vAe = 0 km s
−1 (i.e.
Bφe = Bze = 0), vsi = 7 km s
−1, vse = 11.5 km s
−1, vci = 6.0464 km s
−1(≃ 0.8638 vsi) and
vce = 0 km s
−1. Our numerical results are shown in Figs. 4 to 14.
Figures 4, 5, 6 and 7 present variations of the phase speed (or normalized frequency) v/vsi ≡
ωr/ωsi, the damping rate to frequency ratio |γ|/ωr and the damping time to period ratio τD/T =
ωr/(2pi|γ|) of the slow surface sausage modes versus kzR for different twist parameters Bφi/Bzi =
(0, 10−3, 0.1, 0.2, 0.3) and different thickness of the inhomogeneous layer l/R = (0.1, 0.2, 0.3, 0.4).
The figures clear that i) the minimum value of the phase speed v/vsi decreases and shifts to
smaller kzR with increasing the twist parameter Bφi/Bzi. ii) For a given l/R, in the small
wavelength limit (kzR ≫ 1), we have asymptotically v/vsi → vci/vsi = 0.8638 and |γ|/ωr → 0.
This shows that the effect of magnetic twist for larger kzR is negligible. iii) The maximum
value of |γ| /ωr increases and its position moves to smaller kzR when Bφi/Bzi increases. iv) In
the absence/presnt of twist, the maximum value of |γ| /ωr decreases and its position moves to
smaller kzR when l/R increases (see also Fig. 8). v) For a given l/R, the minimum value of
τD/T decreases with increasing Bφi/Bzi. For instance, for the case of l/R = 0.1, the minimum
value of τD/T for Bφi/Bzi = 0.3 changes ∼ 38% less than the case of no twist. vi) The dashed-
line curves in Figs. 4, 5, 6 and 7 present the analytical results of the damping rate to frequency
ratio |γ|/ωr evaluated by Eq. (63). These curves show that for the weak damping (i.e. γ ≪ ωr)
and in the long wavelength limit (i.e. kzR ≪ 1), our numerical results are in good agreement
with analytical ones.
In Figs. 9, 10, 11, 12 and 13, we plot variations of v/vsi, |γ|/ωr and τD/T versus the
thickness of the inhomogeneous layer l/R for different Bφi/Bzi = (0, 10
−3, 0.1, 0.2, 0.3) and
kzR = (0.5, 1, 2, 4, 8). Figures show that i) the maximum value of |γ| /ωr increases and moves
to smaller l/R when Bφi/Bzi increases. ii) In the absence/presnt of twist, the maximum value
of |γ| /ωr increases and its position moves to smaller l/R when kzR increases (see also Fig. 14).
iii) For a given kzR, the phase speed and the damping rate to frequency ratio, respectively,
approach v/vsi → vci/vsi = 0.8638 and |γ|/ωr → 0 in the limit of larger values of l/R. iv)
For a given kzR, the minimum value of τD/T decreases with increasing Bφi/Bzi. For instance,
for the case of kzR = 1, the minimum value of τD/T for Bφi/Bzi = 0.3 decreases ∼ 63.5% in
comparison to the case of no twist.
It is worth to mention that for the case of no twist Bφi/Bzi = 0, the results of Figs. 4 to 14
recover those obtained in Yu et al. [7]. Note that the results for Bφi/Bzi = 0 and 10
−3 overlap
with each other.
6 Conclusions
Here, we investigated the effect of magnetic twist on resonant absorption of slow sausage waves in
magnetic flux tubes under the solar photospheric (or magnetic poor) conditions. We considered
a straight cylindrical flux tube with different magnetic twist profiles in the interior, annulus
and exterior regions. Besides, we assumed the density and longitudinal magnetic field to be
constant inside and outside of the flux tube, but to be inhomogeneous in the annulus layer.
We presented the solutions of ideal MHD equations for the interior and exterior regions of the
flux tube. In the case of no inhomogeneous (annulus) layer, we derived the dispersion relation
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which recovers the result obtained by Edwin & Robertes [35] and Yu et al. [7] in the absence
of magnetic twist. In the presence of inhomogeneous layer, with the help of the appropriate
connection formula of resonant absorption introduced by Sakurai et al. [33], we obtained the
jump conditions governing the solutions inside and outside of the flux tube. Consequently, we
derived the dispersion relation of the slow surface sausage modes in the presence of magnetic
twist. Using this, we first obtained an analytical relation for damping rate of the slow surface
sausage modes in the limit of weak damping and long wavelength limit. Then, we showed that
our analytical expression for the damping rate in the absence of twist recover the result obtained
by Yu et al. [7]. In addition, we solved the dispersion relation, numerically, and obtain the phase
speed (or normalized frequency) v/vsi ≡ ωr/ωsi, the damping rate to frequency ratio |γ|/ωr and
the damping time to period ratio τD/T = ωr/(2pi|γ|) of the slow surface sausage modes under
the photospheric (magnetic poor) conditions. Our results show the following:
• For a given thickness of the inhomogeneous layer l/R, with increasing the twist parameter
Bφi/Bzi (i) the minimum values of both the phase speed v/vsi and the damping time to
period ratio τD/T = ωr/(2pi|γ|) decrease and shift to smaller kzR; (ii) the maximum value
of |γ| /ωr increases and moves to smaller kzR.
• For a given l/R, the phase speed and the damping rate to frequency ratio, approach
v/vsi → vci/vsi = 0.8638 and |γ|/ωr → 0, respectively, in the small wavelength limit
(kzR ≫ 1). This asymptotic behaviours also hold for a given kzR in the limit of larger
values of l/R.
• For a given kzR, the maximum value of |γ| /ωr (or minimum value of τD/T ) increases (or
decreases) and moves to smaller l/R when the twist parameter increases.
• For the case of l/R = 0.1, the minimum value of τD/T for Bφi/Bzi = 0.3, for instance,
changes ∼ 38% less than the case of no twist. Also for kzR = 1, the minimum value of
τD/T for Bφi/Bzi = 0.3, for example, decreases ∼ 63.5% in comparison to the case of
no twist. These results show that the magnetic twist can considerably affect the resonant
absorption of the slow surface sausage modes in magnetic flux tubes under the photospheric
conditions.
Acknowledgements
The authors thank Tom Van Doorsselaere and Marcel Goossens for reading the manuscript and
useful discussions. The work of K. Karami has been supported financially by Research Institute
for Astronomy and Astrophysics of Maragha (RIAAM) under research project No. 1/5440-61.
16
Appendix
A Weak damping rate for the surface sausage mode
Here, with the help of Eq. (62) we obtain the damping rate of surface sausage modes in the
weak damping limit, i.e. γ ≪ ωr. To this aim, we first calculate ∂DAR∂ω from Eq. (57) as follows
∂DAR
∂ω
= 2ρiω − 2ρeω kri
kre
Q− ρe
(
ω − ω2Ae
)( 1
kre
dkri
dω
− kri
k2re
dkre
dω
)
Q− ρe
(
ω − ω2Ae
) kri
kre
dQ
dω
.
(72)
Now from Eq. (27), one can obtain
dkri
dw
=
−ω3(ω2 − 2ω2ci)
(v2si + v
2
Ai)(ω
2 − ω2ci)2kri
, (73)
dkre
dw
=
−ω3(ω2 − 2ω2ce)
(v2se + v
2
Ae)(ω
2 − ω2ce)2kre
. (74)
Also from Eq. (59) for dQdω , we get
dQ
dω
=
Q
x
dx
dw
− x
d
dω
(
µ0De(1−v)−2B2φen
2
e
µ0Dey
− Kv−1(y)Kv(y)
)
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]
+ x
(
µ0De(1−v)−2B2φen
2
e
µ0Dey
− Kv−1(y)Kv(y)
)
d
dω
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]2 . (75)
After some algebra, we obtain
dQ
dω
=
Q
x
dx
dw
+ x
(
1−ν
y2
+
2v2Aφen
2
e
(ω2−ω2Ae)y2
+
(
K ′v−1
Kv
− K
′
vKv−1
K2v
))
dy
dω +
1
y
dν
dω −
4v2Aφe
(ω2−ω2Ae)y
(
ne
dne
dω − ωn
2
e
(ω2−ω2Ae)
)
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]
+ x
[
s
kz
dni
dω +
ni+kz
kz
ds− 2 ddω
(
M(a,b−1;s)
M(a,b;s)
)](
µ0De(1−v)−2B2φen
2
e
µ0Dey
− Kv−1(y)Kv(y)
)
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]2 , (76)
where x = kriri and y = krere. This can be rewritten as
dQ
dω
= P
dx
dw
+ S
dy
dω
, (77)
where
P =
Q
x
+ x
[
s
kz
dni
dω +
ni+kz
kz
ds− 2 ddω
(
M(a,b−1;s)
M(a,b;s)
)](
µ0De(1−v)−2B2φen
2
e
µ0Dey
− Kv−1(y)Kv(y)
)
dx
dw
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
]2 , (78)
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S = x
(
1−ν
y2
+
2v2Aφen
2
e
(ω2−ω2Ae)y2
+
(
K ′v−1
Kv
− K
′
vKv−1
K2v
))
dy
dω +
1
y
dν
dω −
4v2Aφe
(ω2−ω2Ae)y
(
ne
dne
dω − ωn
2
e
(ω2−ω2Ae)
)
dy
dω
[
ni+kz
kz
s− 2M(a,b−1;s)M(a,b;s)
] .
(79)
In addition, from Eq. (20) we have
dni
dw
=
ω3(ω2 − 2ω2ci)
(v2si + v
2
Ai)(ω
2 − ω2ci)2ni
, (80)
dne
dw
=
ω3(ω2 − 2ω2ce)
(v2se + v
2
Ae)(ω
2 − ω2ce)2ne
. (81)
With the help of Eqs. (73) and (74), Eq. (77) takes the form
dQ
dω
= xP
ω3(ω2 − 2ω2ci)
(ω2si − ω2)(ω2Ai − ω2)(ω2 − ω2ci)
+ yS
ω3(ω2 − 2ω2ce)
(ω2se − ω2)(ω2Ae − ω2)(ω2 − ω2ce)
. (82)
Replacing this into Eq. (72) yields
∂DAR
∂ω
= 2ρiω − 2ρeω kri
kre
Q− ρeω3
(
ω − ω2Ae
) kri
kre(
(Q+ xP )(ω2 − 2ω2ci)
(ω2si − ω2)(ω2Ai − ω2)(ω2 − ω2ci)
− (Q− yS)(ω
2 − 2ω2ce)
(ω2se − ω2)(ω2Ae − ω2)(ω2 − ω2ce)
)
. (83)
Finally, substituting Eqs. (58) and (83) into Eq. (62) one can get the damping rate γ in the
limit of weak damping for the surface sausage modes in the slow continuum as
γ
∣∣∣
ω=ωr
= −
piρek2z
kreρc|∆c|
∣∣∣
r=rc
(
v2s
v2A+v
2
s
)2 (
(ω2 − ω2Ai) + Z
)
(ω2 − ω2Ae)G
2ω
(
1− χ krikreQ
)
− ωχT
, (84)
where
T = ω2r
(
ω2r − ω2Ae
) kri
kre
(
(Q+ xP )(ω2r − 2ω2ci)
(ω2si − ω2r)(ω2Ai − ω2r)(ω2r − ω2ci)
− (Q− yS)(ω
2
r − 2ω2ce)
(ω2se − ω2r )(ω2Ae − ω2r)(ω2r − ω2ce)
)
.
(85)
B Weak damping rate in long wavelength limit
Here, we turn to examine the dispersion relation (84) in the long wavelength limit, i.e. kzR≪ 1.
In this limit, Eq. (29) yields ν2 = 1 +O(k2zR
2) ≃ 1. Also following [34] we have
lim
kzR→0
M(a, b− 1; s)
M(a, b; s)
= 1 +
a
b
s+O(s2), (86)
lim
kzR→0
K0(y)
K1(y)
= −y ln(y). (87)
In the limit kzR ≪ 1 (ωr ≈ ωci), one should note that the damping rate (84) at ω = ωr ≈ ωci
becomes singular. To avoid of this singularity, we follow the approach of [7] in which one can
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assume ω2r = ω
2
ci − α, where α ≪ ω2ci. Substituting ω2ci − ω2r = α into Eq. (84) and using Eqs.
(86) and (87), one can obtain
γ = −piρekz|∆c|
ω4ci
ω4Ai
(
(ω2ci − ω2Ai) + Z
)
(ω2ci − ω2Ae)G
2ωci
(
ρi − ρe krikreQ
)
− ωciρeT
, (88)
where we have used ri ≈ R and kre = kz. Also
T = ω2ci
(
ω2ci − ω2Ae
) kri
kre
(
(Q+ xP )ω2ci
(ω2si − ω2ci)(ω2Ai − ω2ci)α
− (Q− yS)(ω
2
ci − 2ω2ce)
(ω2se − ω2ci)(ω2Ae − ω2ci)(ω2ci − ω2ce)
)
, (89)
(90)Q = −x
(
−2B2φen
2
e
µ0Dey
+ y ln(y)
)
[
ni
kz
s− 2 (1 + a2s)] ,
(91)G =
(
−2kreB
2
φ
Deµ0r
∣∣∣
r=rc
− 2B
2
φen
2
e
µ0yDe
+ y ln(y)
)
,
(92)Z =
2B2φik
2
ri
µ0ρi
[
ni
kz
s− 2 (1 + a2s)] ,
P =
Q
x
+ x
[
s
kz
dni
dω +
ni
kz
ds− 2 ddω
(
1 + a2s
)](−2B2φen2e
µ0Dey
+ y ln(y)
)
dx
dw
[
ni
kz
s− 2 (1 + a2s)]2 , (93)
S = x
(
2v2Aφen
2
e
(ω2ci−ω2Ae)y2
− x2 (1 + ln(y))
)
dy
dω −
4v2Aφe
(ω2ci−ω2Ae)y
(
ne
dne
dω − ωcin
2
e
(ω2ci−ω2Ae)
)
dy
dω
[
ni
kz
s− 2 (1 + ab s)] . (94)
Now from Eqs. (24), (26) and using (25), one can obtain
s = 2
v2Aφinikz(
ω2ci − ω2Ai
) , (95)
a = 1 +
x2
[
r2i
(
ω2ci − ω2Ai
)2 − 4v2Aφiω2Ai]
8v2Aφinikzr
2
i
(
ω2ci − ω2Ai
) , (96)
where v2Aφ ≡
B2φ
µ0ρ
. With the help of Eqs. (95) and (96), one can get
as =
x2
4
+ v2Aφi
(
2nikz
(
ω2ci − ω2Ai
)− x2r−2i ω2Ai(
ω2ci − ω2Ai
)2
)
, (97)
19
da
dω
=
1
8v2Aφinikz
[
2x
(
ω2ci − ω2Ai
) dx
dω
+ x2
(
2ωci −
(
ω2ci − ω2Ai
)
ni
dni
dω
)
+ 4v2Aφiω
2
Aix
2r−2i
(
− 2(
ω2ci − ω2Ai
) dx
dω
+
2ωci(
ω2ci − ω2Ai
)2 + 1ni (ω2ci − ω2Ai) dnidω
)]
, (98)
ds
dω
= 2v2Aφinikz
(
1
ni
(
ω2ci − ω2Ai
) dni
dω
− 2ωci(
ω2 − ω2Ai
)2
)
, (99)
s
da
dω
=
1
4
[
2x
dx
dω
+
x2(
ω2ci − ω2Ai
) (2ωci − (ω2ci − ω2Ai)
ni
dni
dω
)
+ 4v2Aφiω
2
Aix
2r−2i
(
− 2(
ω2ci − ω2Ai
)2 dxdω + 2ωci(ω2ci − ω2Ai)3 +
1
ni
(
ω2ci − ω2Ai
)2 dnidω
)]
, (100)
a
ds
dω
= x2
(
1
4ni
dni
dω
− ωci
2
(
ω2ci − ω2Ai
))+ 2v2Aφinikz
(
1
ni
(
ω2ci − ω2Ai
) dni
dω
− 2ωci(
ω2ci − ω2Ai
)2
)
− v2Aφiω2Aix2r−2i
(
1
ni
(
ω2ci − ω2Ai
)2 dnidω − 2ωci(ω2ci − ω2Ai)3
)
. (101)
Combining Eqs. (100) and (101) yields
s
da
dω
+ a
ds
dω
=
x
2
dx
dω
+ 4v2Aφiω
2
Aix
2r−2i
(
− 2(
ω2ci − ω2Ai
)2 dxdω + 9ωci4 (ω2ci − ω2Ai)3 +
3
4ni
(
ω2ci − ω2Ai
)2 dnidω
)
+ 2v2Aφinikz
(
1
ni
(
ω2ci − ω2Ai
) dni
dω
− 2ωci(
ω2ci − ω2Ai
)2
)
. (102)
In addition, we need to evaluate the quantity α. To this aim, following [7] we first replace
ω2 = ω2ci − α into Eq. (27) and get
k2ri ≃
k2z
α
(
ω2ci − ω2si
) (
ω2ci − ω2Ai
)(
ω2Ai + ω
2
si
) = k2z
α
ω6ci
ω2siω
2
Ai
, (103)
where we have used the definition ω2c ≡ ω
2
sω
2
A
ω2s+ω
2
A
in obtaining the second equality of the above
relation. In the next, the dispersion relation (31) in long wavelength limit (kzR≪ 1) reads
(104)
(ω2ci − ω2Ai)
k2ri
[(
ni
kz
)
s− 2
(
1 +
a
b
s
)]
= −χ(ω2ci − ω2Ae)R2 ln(y) +
(
1 +
2n2e
k2re
)
B2φe
µ0ρi
− B
2
φi
µ0ρi
.
Now, replacing k2ri from Eq. (103) into (104), the quantity α can be obtained as follows
(105)α = −k
2
zω
4
ci
ω4Ai
χ(ω2 − ω2Ae)R2 ln(y)−
(
1 + 2n
2
e
k2re
)
v2Aφe + v
2
Aφi[(
ni
kz
)
s− 2 (1 + ab s)]
 .
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Substituting this into Eq. (103) yields
(106)k2ri =
ω2ciω
2
Ai
ω2si
[(
ni
kz
)
s− 2 (1 + ab s)](
χ(ω2 − ω2Ae)R2 ln(y)−
(
1 + 2n
2
e
k2re
)
v2Aφe + v
2
Aφi
) .
Under photospheric (magnetic pore) conditions, i.e. vAe = vAφe = vce ≃ 0, the weak damping
rate γ, Eq. (88), in long wavelength limit reduces to
γ = −piρekzR|∆c|
ω5ci
ω4Ai
(
(ω2ci − ω2Ai) + Z
)
G
2
(
ρi − ρe krikreQ
)
− ρeT
. (107)
Besides, Eqs. (89), (90), (91), (92), (93), (94), (105) and (106) take the forms
T = ω2ci
x
y
(
(Q+ xP )
α
− (Q− yS)
(ω2ci − ω2se)
)
, (108)
(109)
Q =
−xy ln(y)[
ni
kz
s− 2 (1 + a2s)]
=
xy ln(y)
2
(
1− a
2
s+
v2Aφin
2
i
ω2ci − ω2Ai
)
=
xy ln(y)
2
(
1− v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
,
(110)G =
(
−2krev
2
Aφ
χω2ciR
+ y ln(y)
)
,
(111)
Z =
2v2Aφik
2
ri[
ni
kz
s− 2 (1 + a2s)]
= −v2Aφik2ri
(
1− a
2
s+
v2Aφin
2
i
ω2ci − ω2Ai
)
= −v2Aφik2ri
(
1− v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
,
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P =
Q
x
+ x
[
s
kz
dni
dω +
ni
kz
ds− 2 ddω
(
1 + a2s
)]
y ln(y)
dx
dw
[
ni
kz
s− 2 (1 + a2s)]2
=
y ln(y)
2
(
1− a
2
s+
v2Aφin
2
i
(ω2ci − ω2Ai)
)
+
xy ln(y)
2
(
1− as+ 2v
2
Aφin
2
i
(ω2ci − ω2Ai)
)
d
dω
(
v2Aφin
2
i
(ω2ci − ω2Ai)
− a
2
s
)
=
y ln(y)
2
(
1− x
2
8
− v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
+
xy ln(y)
2
(
1− v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
(
2v2Aφini
(ω2ci − ωAi)
dni
dω
− 2v
2
Aφiωcin
2
i
(ω2ci − ω2Ai)
− sda+ ads
2
)
,
(112)
S = −x 1 + ln(y)[
ni
kz
s− 2 (1 + a2s)]
= x (1 + ln(y))
(
1
2
− a
4
s+
v2Aφin
2
i
2(ω2ci − ω2Ai)
)
=
x (1 + ln(y))
2
(
1− v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
, (113)
α = −k
2
zω
4
ci
ω4Ai
 χω2ciR2 ln(y) + v2Aφi[(
ni
kz
)
s− 2 (1 + ab s)]

=
k2zω
4
ci
ω4Ai
(
χω2ciR
2 ln(y) + v2Aφi
)(1
2
− a
4
s+
v2Aφin
2
i
2(ω2ci − ω2Ai)
)
=
k2zω
4
ci
ω4Ai
(
χω2ciR
2 ln(y) + v2Aφi
)(
1− v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
, (114)
k2ri =
ω2ciω
2
Ai
ω2si
[(
ni
kz
)
s− 2 (1 + ab s)](
χω2ciR
2 ln(y) + v2Aφi
)
= −2ω
2
ciω
2
Ai
ω2si
1(
χω2ciR
2 ln(y) + v2Aφi
) (1 + a
2
s− v
2
Aφin
2
i
(ω2ci − ω2Ai)
)
= −2ω
2
ciω
2
Ai
ω2si
1(
χω2ciR
2 ln(y) + v2Aφi
) (1 + v2Aφi
(
2
(
nikz − n2i
) (
ω2ci − ω2Ai
)− x2r−2i ω2Ai
2
(
ω2ci − ω2Ai
)2
))
.
(115)
Finally, substituting Eqs. (108) to (115) into (107) gives a long analytical expression for the
weak damping γ in long wavelength limit for the photospheric conditions.
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C Weak damping rate in long wavelength limit with no twist
In the limit of no twist, i.e. Bφi = Bφe = 0, Eqs. (97) and (102) read
as =
x2
4
, (116)
s
da
dω
+ a
ds
dω
=
x
2
dx
dω
. (117)
Substituting the above relations into Eqs. (90) to (94), (105) and (106) one can get
(118)Q =
xy
2
ln(y),
(119)G = y ln(y),
(120)Z = 0,
P =
(
1
2
− 3x
2
16
)
y ln(y), (121)
S =
x
2
(1 + ln(y)) . (122)
(123)α =
χω4ci
2ω4Ai
(ω2ci − ω2Ae)k2zR2 ln(y),
(124)k2ri = −2
ω2ciω
2
Ai
χω2si(ω
2
ci − ω2Ae)R2 ln(y)
.
Inserting Eqs. (118), (119), (120) into (88) gives
γ = −piρek
2
z
|∆c|
ω3ci
ω4Ai
(
(ω2ci − ω2Ai)
)
(ω2ci − ω2Ae)R ln(y)
2
(
ρi − ρe x22 ln(y)
)
− ρeT
. (125)
Putting Eqs. (121) and (122) into (89), one can get
T = ω2ci
(
ω2ci − ω2Ae
)( x2 ln(y)ω2ci
(ω2si − ω2ci)(ω2Ai − ω2ci)α
− 3x
4 ln(y)ω2ci
16(ω2si − ω2ci)(ω2Ai − ω2ci)α
+
x2(ω2ci − 2ω2ce)
2(ω2se − ω2ci)(ω2Ae − ω2ci)(ω2ci − ω2ce)
)
. (126)
Replacing Eqs. (123) and (124) into (126) yields
T = − 4ω
6
Ai
χ2ω2ciω
2
si
(
ω2ci − ω2Ae
)
k2zR
2 ln(kzR)
− 3ω
8
Ai
2χ3ω4si
(
ω2ci − ω2Ae
)2
k2zR
2 ln2(kzR)
− ω
4
ciω
2
Ai(ω
2
ci − 2ω2ce)
χω2si(ω
2
se − ω2ci)(ω2Ae − ω2ci)(ω2ci − ω2ce) ln(kzR)
. (127)
23
Note that in long wavelength limit (kzR≪ 1), the third term appeared in Eq. (127) is small in
comparison to the first two ones. Hence, Eq. (127) reduces to
T = − 4ω
6
Ai
χ2ω2ciω
2
si
(
ω2ci − ω2Ae
)
k2zR
2 ln(kzR)
− 3ω
8
Ai
2χ3ω4si
(
ω2ci − ω2Ae
)2
k2zR
2 ln2(kzR)
. (128)
Finally, substituting Eq. (128) into (125) gives the weak damping rate in long wavelength limit
with no twist as
γ =
2piχ3
|∆c|R
[
ω7ciω
2
si
(
ω2ci − ω2Ae
)3
3ω10Aiω
2
ci + 8χω
8
Aiω
2
si
(
ω2ci − ω2Ae
)
ln(kzR)
]
(kzR)
4 ln3(kzR). (129)
D Dimensionless dispersion relation
In order to numerical solving the dispersion relation (39), we recast it in the following dimen-
sionless form
v2F − v2AI
k2rI
[
(NI + 1) s− 2M(a, b− 1; s)
M(a, b; s)
]
+ ri
[
(1− ν)χ (v2F − v2AE)− 2χv2AφEN2E
rek2rE
− χkz
(
v2F − v2AE
)
Kν−1 (krE kzre)
krEKν (krE kzre)
]
+
ipik2zv
4
cv
2
Si
|∆c| v4A
(
v2F − v2AI
k2rI
[
(NI + 1) s− 2M(a, b − 1; s)
M(a, b; s)
]
+ 2v2Aφi
)
×
(
2
(1 + δ(χ − 1))v2Aφc
rc
+
(1− ν)χ (v2F − v2AE)− 2χv2AφEN2E
rek2rE
− χkz
(
v2F − v2AE
)
Kν−1 (krE kzre)
krEKν (krE kzre)
)
= 0,
(130)
where
a = 1 +
k2rI
[
k2z
(
v2F − v2AI
)2 − 4v2AφIv2AI]
8v2AφINI
(
v2F − v2AI
) , s = 2 v2AφINI(
v2F − v2AI
) ,
vF =
ωr
ωsi
=
v
vsi
, vAE =
vAe
vsi
, vAI =
vAi
vsi
, b = 2, χ =
ρe
ρi
,
vSE =
vse
vsi
, vAφE =
vAφe
vsi
, vAφI =
vAφi
vsi
, vSI = 1, v
2
Aφ =
B2φ
µ0ρ
,
k2re = k
2
zk
2
rE , k
2
ri = k
2
zk
2
rI , n
2
e = k
2
zN
2
E, n
2
i = k
2
zN
2
I , (131)
and
N2I =
v4F
v2F v
2
AI +
(
v2F − 1
) , N2E = v4Fv2F v2AE + v2SE (v2F − 1) ,
k2rI =
(
1− v2F
) (
v2AI − v2F
)(
1 + v2AI
) (
v2cI − v2vF
) , k2rE = (v2SE − v2F ) (v2AE − v2F )(v2SE + v2AE) (v2cE − v2vF ) ,
vcE =
vce
vsi
, vcI =
vci
vsi
,
ν2 = 1 + 2
v2AφE(
v2F − v2AE
) [2v2AφEN2E + (v2AE (3N2E − 1) − v2F (N2E + 1))] . (132)
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Note that in the absence of inhomogeneous layer, Eq. (130) reduces to
v2F − v2AI
k2rI
[
(NI + 1) s− 2M(a, b − 1; s)
M(a, b; s)
]
=
(1− ν)χ (v2F − v2AE)− 2χv2AφiN2E
rek2rE
− χkz
(
v2F − v2AE
)
RKν−1 (krE kzR)
krEKν (krE kzR)
+ v2AφI + v
2
AφE .
(133)
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Figure 4: (a) The phase speed v/vsi ≡ ωr/ωsi, (b) the damping rate to frequency ratio |γ| /ωr,
and (c) the damping time to period ratio τD/T = ωr/(2pi|γ|) of the slow surface sausage modes
versus kzR for l/R = 0.1 and different twist parameters Bφi/Bzi = (0, 10
−3, 0.1, 0.2, 0.3). For
comparison, the analytical results obtained by Eq. (63) are shown by the dashed-line curves.
Auxiliary parameters are as in Fig. 2. The results for Bφi/Bzi = 0 and 10
−3 overlap with each
other. 27
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Figure 5: Same as Fig. 4, but for l/R = 0.2.
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Figure 6: Same as Fig. 4, but for l/R = 0.3.
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Figure 7: Same as Fig. 4, but for l/R = 0.4.
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Figure 8: (a) The phase speed v/vsi ≡ ωr/ωsi, (b) the damping rate to frequency ratio |γ| /ωr,
and (c) the damping time to period ratio τD/T = ωr/(2pi|γ|) of the slow surface sausage modes
versus kzR for different thickness of the inhomogeneous layer l/R = (0.1, 0.2, 0.3, 0.4). Here,
the dashed and solid line curves, respectively, are related to Bφi/Bzi = 0 and Bφi/Bzi = 0.2.
Auxiliary parameters are as in Fig. 2.
31
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l/R
0.84
0.845
0.85
0.855
0.86
v
ci
v
/v
s
i
B i /B z i=0
B i /B z i=10
- 3
B i /B z i=0.1
B i /B z i=0.2
B i /B z i=0.3
k
z
R=0.5
(a)
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l/R
0
0.002
0.004
0.006
0.008
0.01
0.012
0.014
||
/
r
B i /B z i=0
B i /B z i=10
- 3
B i /B z i=0.1
B i /B z i=0.2
B i /B z i=0.3
k
z
R=0.5
(b)
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l/R
10
100
1000
D
/T
B i/B zi=0
B i/B zi=10
-3
B i/B zi=0.1
B i/B zi=0.2
B i/B zi=0.3
k
z
R=0.5
(c)
Figure 9: (a) The phase speed v/vsi ≡ ωr/ωsi, (b) the damping rate to frequency ratio |γ| /ωr,
and (c) the damping time to period ratio τD/T = ωr/(2pi|γ|) of the slow surface sausage modes
versus l/R for kzR = 0.5 and different twist parameters Bφi/Bzi = (0, 10
−3, 0.1, 0.2, 0.3). Aux-
iliary parameters are as in Fig. 2. The results for Bφi/Bzi = 0 and 10
−3 overlap with each
other.
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Figure 10: Same as Fig. 9, but for kzR = 1.
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Figure 11: Same as Fig. 9, but for kzR = 2.
34
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l/R
0.84
0.845
0.85
0.855
0.86
v
ci
0.868
v
/v
s
i B i/B zi=0
B i/B zi=10
-3
B i/B zi=0.1
B i/B zi=0.2
B i/B zi=0.3
k
z
R=4
(a)
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l/R
0
0.005
0.01
0.015
0.018
||
/
r B i/B zi=0
B i/B zi=10
-3
B i/B zi=0.1
B i/B zi=0.2
B i/B zi=0.3
k
z
R=4
(b)
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
l/R
5
10
100
1000
10000
D
/T B i/B zi=0
B i/B zi=10
-3
B i/B zi=0.1
B i/B zi=0.2
B i/B zi=0.3
k
z
R=4
(c)
Figure 12: Same as Fig. 9, but for kzR = 4.
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Figure 13: Same as Fig. 9, but for kzR = 8.
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Figure 14: (a) The phase speed v/vsi ≡ ωr/ωsi, (b) the damping rate to frequency ratio |γ| /ωr,
and (c) the damping time to period ratio τD/T = ωr/(2pi|γ|) of the slow surface sausage modes
versus l/R for different kzR = (0.5, 1, 2, 4, 8). Here, the dashed and solid line curves, respectively,
are related to Bφi/Bzi = 0 and Bφi/Bzi = 0.2. Auxiliary parameters are as in Fig. 2.
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